A careful and detailed evaluation of the classical continuum limit of the axial anomaly/index density of the overlap Dirac operator is carried out in the infinite volume setting, and in a certain finite volume setting where the continuum limit involves an infinite volume limit. The correct continuum expression is reproduced when the parameter m 0 is in the physical region 0 < m 0 < 2. This is established for a broad range of continuum gauge fields (without approximations or assumptions such as weak coupling), including topologically non-trivial fields and more general classes of fields which may diverge at infinity or have singularities. Our approach is based on a novel power series expansion of the overlap Dirac operator. Problematic issues concerning the fermionic topological charge, given by the index of the overlap Dirac operator, in the infinite volume setting are investigated. In the finite volume setting we show that the index reproduces the continuum topological charge for a certain class of topologically non-trivial fields (in a singular gauge and vanishing outside a bounded region) when the volume is sufficiently large and the lattice spacing sufficiently small.
Introduction
In the last few years there have been interesting developments in lattice gauge theory concerning chirality aspects of lattice fermions and topological aspects of lattice gauge fields. The overlap formulation of chiral gauge theories [1, 2] , which was largely inspired by Kaplan's domain wall proposal [3] , led to the introduction of the overlap Dirac operator for massless lattice fermions [4] . This operator satisfies the the Ginsparg-Wilson relation [5] , thereby providing an explicit solution to the chirality problem in lattice QCD [6] (see, e.g., [7] for reviews).
A key test of any lattice formulation of a quantum field theory is whether it reproduces the correct anomalies for the continuum symmetries. In particular, the axial anomaly in QCD explains the π 0 → 2γ decay amplitude [8] and should be reproduced in the lattice formulation. Another important quantity in lattice gauge theory is the topological charge of lattice gauge fields. The topological charge enters into an explanation for baryon number violation in the standard model, and for the relatively large value of the η ′ mass in QCD [9] . Lattice definitions of topological charge is therefore an interesting topic of study. A necessary condition for an acceptable lattice definition of topological charge is that it has the correct continuum limit.
In this paper we study the classical continuum limit of the axial anomaly and fermionic topological charge in lattice gauge theory with fermion action specified by the overlap Dirac operator. We focus on certain subtleties that arise in the case of topologically non-trivial gauge fields, which were not addressed in the first papers on this topic. These are particularly relevant when considering the continuum limit of the fermionic topological charge, given by the index of the overlap Dirac operator.
Techniques for dealing with these subtleties were developed in the previous version [10, (v4) ] of this paper for a special class of topologically non-trivial gauge fields on R 4 , and in [11] for general gauge fields on the finite volume 4-torus. In the present paper we give a more detailed explanation of our techniques developed in the previous papers and present the results of the previous version [10, (v4) ] (which was never submitted for publication) in a more general framework. Indeed, the appearance of Kerler's recent paper [12] has shown that there is a need for a more detailed explanation and justification of our techniques. We will also describe certain pitfalls that need to be avoided when addressing these issues, with Kerler's paper [12] providing the main example. This paper is intended as the final incarnation of our papers [10, (v1)-(v4) ]. The derivation of similar results in the finite volume 4-torus setting, outlined previously in [11] , is given in a separate paper [13] .
The origins of the subtleties mentioned above are really quite simple and we briefly describe them in the following. Consider an SU(n) gauge field A(x) = A not an integer in general. 1 And when A(x) is non-vanishing or slowly vanishing at infinity, Q(A) is not even well-defined in general. 2 For smooth gauge fields, Q(A) is only guaranteed to be integer-valued for the fields which are pure gauge at infinity.
(More precisely, the field should converge sufficiently quickly to a pure gauge configuration at infinity so that it corresponds to a gauge potential in an SU(n) bundle over S 4 ∼ = R 4 ∪ {∞}. This happens when the Euclidean action of the field is finite [14] .) Then Q(A) is integer-valued and equal to the degree (winding number) of the map φ : S 3 → SU(n) corresponding to the pure gauge configuration, where S 3 is the "3-sphere at infinity" in R 4 . Alternatively, one can consider singular gauge fields, vanishing quickly at infinity, which arise from the aforementioned smooth gauge fields 1 Examples of fields with arbitrary non-integer topological charge are easily constructed: View R 4 as R 2 × R 2 , let (r 1 , θ 1 ) and (r 2 , θ 2 ) be polar coordinates on the two copies of R 2 (θ j ∈ [0, 2π])
and choose a smooth function λ(r) on R + which vanishes in a neighbourhood of 0 and is equal to a constant c for r ≥ r 0 (for some finite r 0 ). Then for any generator T of SU (N ) the field A = λ(r 1 )T dθ 1 ± λ(r 2 )T dθ 2 has topological charge Q(A) = ∓tr(T 2 )c 2 . This field and its partial derivatives are bounded on R 4 . However, the non-integrality of Q(A) does not contradict the results of [14] since the Euclidean action of the field is infinite. 2 Even if one allows the values ±∞ , Q(A) is still not well-defined in general since, e.g., the integrand can be oscillatory at infinity.
by making a singular gauge transformation. Then Q(A) is equal to the degree of the map φ : S 3 → SU(n) with S 3 being the infinitessimally small 3-sphere around the point in R 4 where the field is singular. In the lattice theory the lattice gauge field U has a fermionic topological charge given by index D U where D U is the overlap Dirac operator. A lattice index formula gives [15, 6, 16] index
The axial anomaly A(x) is related to the index density just as in the continuum:
Our aim is to show that q U (x) and index D U reduce to q A (x) and Q(A) in the classical continuum limit where U is the lattice transcript of the continuum field A. Roughly speaking, the way we do this is by expanding
as a power series in A, and the technical problem is to rigorously justify this expansion. Clearly when A is in a singular gauge we can expect to have to deal with some subtle issues concerning the singularity. On the other hand, after going to a regular gauge these issues get transformed into subtleties associated with the fact that A(x) then vanishes slowly at infinity. For example, in that case A is not square-integrable, and does not have a well-defined Fourier transformation, i.e. it cannot be expanded in a plane wave basis. (Expansion of A µ (x) in a plane wave basis was a key part of the argument in some earlier calculations of the classical continuum limits [17, 16, 18] .)
A similar subtlety arises in the finite volume case of gauge fields on the 4-torus T 4 [11] . In this case the gauge field can be regarded as a gauge field on R 4 satisfying certain periodicity conditions. If the field is topologically trivial a gauge can be chosen so that the field is periodic, while in the topologically non-trivial case the values of the field at opposite boundaries of a fundamental domain are not the same, but are related by a gauge transformation. I.e. topologically non-trivial gauge fields are discontinuous on T 4 . This discontinuity leads to subtleties reminiscent of the subtleties mentioned above for gauge fields on R 4 in a singular gauge.
In §3 we develop techniques (first introduced in [10, (v4) ] and [11] ) for evaluating the classical continuum limit of the index density/axial anomaly, which enable us to rigorously show that q U (x) reduces to q A (x) in the classical a → 0 limit (a=lattice spacing) for a general class of gauge fields A µ (x) on R 4 , including cases where A µ (x) has singularities. This covers both the infinite volume lattice setting (i.e. infinite lattice on the whole of R 4 ) and a certain finite volume lattice setting where the continuum limit involves an infinite volume limit. The finite volume 4-torus case is more complicated and is dealt with in detail in a separate paper [13] . (For completeness we briefly summarise the results of [13] in §6.)
In the infinite volume lattice setting index D U is not a priori well-defined in general (since the space of lattice spinor fields on which D U acts is infinite-dimensional in this case). This is analogous to the fact that the index of the continuum Dirac operator % % ∂ A is not well-defined for general gauge field A µ (x) on R 4 , but only for those of the type discussed above which are pure gauge at infinity (in which case % % ∂ A can be regarded as an elliptic operator over the compact manifold S 4 = R 4 ∪ ∞). However, the density q U (x) in (1.2) is well-defined in this setting and we can therefore take (1.2) as the definition of the fermionic lattice topological charge index D U . The situation is then analogous to that for Q(A) in the sense that index D U is well-defined provided that q U (x) vanishes sufficiently quickly for |x| → ∞. In light of the continuum situation discussed above, we expect this to be the case when the lattice gauge field U µ (x) converges sufficiently quickly to a pure gauge configuration at infinity. This is investigated in some detail in §4.
A subtlety/pitfall that arises when considering the classical continuum limit of index D U in the infinite volume lattice setting is the following. Given q
it does not generally follow that
The convergence q U (x) → q A (x) is really the statement that
where |O(a)(x)| < aK for some constant K, and this only gives
This only gives (1.3) if the second sum a 4
x O(a)(x) vanishes in the a → 0 limit. The latter is not true in general because of the infinite sum over lattice sites. 3 Indeed,
we will see in §4 that the argument for (1.4) breaks down if one attempts to carry it through with a 4 x q U (x) in place of q U (x), due to the infinite sum.
To confirm that index D U really is able to capture topological information about the continuum gauge field it is desirable to verify that index D U reduces to Q(A) in some setting where the former is a well-defined integer from the beginning and the problems discussed above do not arise. To do this, in §5 we consider a setting where the continuum field A µ (x) is in a singular gauge 4 and vanishes outside a bounded region of R 4 . Then when U is the lattice transcript of A the overlap Dirac operator D U is well-defined for sufficiently large finite volume lattices (cf. §5), and its index is a well-defined integer (since the space of lattice fields on which D U acts is finitedimensional in the finite volume settings). We can then consider the continuum limit defined by first taking the infinite volume limit and then the a → 0 limit. We show in §5 that index D U reduces to Q(A) in this limit. 5 Since index D U and Q(A) are both integers in this setting, it follows that they are also equal close to this continuum limit, i.e. for all sufficiently large volumes and small lattice spacings. This result is compatible with, and complements, previous numerical results of Edwards, Heller and Narayanan in [19] where index D U (equivalently defined in terms of spectral flow of the Hermitian Wilson-Dirac operator) was studied numerically on finite lattices with U being the lattice transcript of an SU(2) instanton field in a singular gauge.
The organisation of this paper is as follows. §2 provides the relevant background material. The material in §3-5 has been described above. ( §3: classical continuum limit of the index density/axial anomaly; §4: aspects of index D U and its continuum 3 This point was overlooked in Kerler's paper [12] where it was claimed that index
in general. The actual argument in [12] , which is essentially the same as a previous one in [10, (v4) ], [11] , really only shows that q U (x) → q A (x). 4 For technical reasons we also require that A µ (x) is pure gauge in a neighbourhood of the singularity. Examples of topologically non-trivial fields satisfying these conditions are readily constructed, cf. §5. limit in the infinite volume lattice setting; §5: classical continuum limit of index D U starting in a finite volume lattice setting and taking an infinite volume limit.) In §6 we discuss the classical continuum limit of the index and index density of D U in the finite volume torus setting, summarising the results of [13] . The conclusions of this paper are summarised in §7.
Background
In continuum QCD the axial anomaly arises from the triangle diagram in perturbation theory [8] , and can also be understood non-perturbatively as arising from the jacobian for chiral transformations of the fermion fields, regularised by Fujikawa's method [20] . In traditional lattice fermion formulations, such as Wilson-Dirac and staggered fermions, the axial anomaly arises in a different way: The chiral jacobian is trivial, and the anomaly arises instead as a result of the breaking of chiral symmetry by the lattice fermion action; see, e.g., [38, 21] . (The lattice fermion action needs to break chiral symmetry in order to avoid species doubling [22] .) However, the situation is different for the new lattice fermion actions where the lattice Dirac operator satisfies
(a=lattice spacing). Besides the overlap Dirac operator ((2.9) below), another solution is the so-called perfect Dirac operator, given less explicitly via a recursion relation [23] . The fermion action S = a 6 This and the following structure is implicit in the vector overlap formulation, cf. H. Neuberger's papers in [7] . 7 More generally the action is invariant under δψ = γ 5 (1
. These transformations all lead to the same axial anomaly (2.5). .3), and the axial anomaly can be determined from the corresponding jacobian to be [6] 
Thus the lattice regularisation with the new lattice fermion actions is providing a lattice version of Fujikawa's non-perturbative perspective on the axial anomaly.
A key question now is whether the axial anomaly (2.5) for the new lattice fermion actions reduces to the usual axial anomaly A cont (x) = 2iq A (x) in the classical continuum limit. This was verified in the perturbative framework by Hasenfratz, Laliena and Niedermayer in [15] , drawing on the original work of Ginsparg and Wilson [5] .
The perturbative result was later confirmed in a detailed study by Chiu and Hsieh [24] .
However, since the lattice is a non-perturbative regularisation, this result should be established exactly, i.e. at the non-perturbative level. This issue was first addressed by Kikukawa and Yamada [17] , who calculated the continuum limit of the axial anomaly associated with the overlap Dirac operator using an expansion of the anomaly (2.5) in powers of the gauge field (a weak coupling expansion). A different approach to this problem was subsequently presented in [10, (v1) ] (the first version of this paper) where a method based on power series expansion of lattice operators (which did not rely on a weak coupling assumption) was used. This method was similar to the one used previously by Seiler and Stamatescu in the case of Wilson-Dirac fermions [21] .
Around the same time, the problem was also addressed in papers by Fujikawa [16] and Suzuki [18] . In [16] the approach used was a version of the continuum regularisation of [20] , while the calculation in [18] was essentially the same as in our [10, (v1) ]. An abstract argument, based on the locality of the overlap Dirac operator [25] , was later outlined by Lüscher in [26] . We should also mention that the continuum limit of the axial anomaly in the vector version of the overlap formulation was calculated in [27] , and in the domain wall formulation in [28] , although these calculations were based on certain approximations (e.g. linearisation of the overlap) and/or assumptions (e.g.
weak field, slowly varying field).
Another appealing feature of lattice Dirac operators satisfying the GW relation (2.1) is that they have a well-defined index [15] :
well-defined (provided ker D is finite-dimensional, which is only guaranteed in finite volume settings) since the nullspace ker D is invariant under γ 5 : by (2.1), [15] . (This is in contrast to traditional operators like the Wilson-Dirac operator for which only an approximate (non-integer)
index can be defined [38] .) Furthermore, such operators satisfy a "lattice index theorem" [15, 6, 16] :
x q(x) with the index density
related to the axial anomaly (2.5) by
just as in the continuum. The index of D provides a fermionic definition of the topological charge of the background lattice gauge field. In the case of the overlap Dirac operator
where
In fact all solutions of (2.1)-(2.2) have this "overlap" form: D is a solution if and only if
Neuberger's first paper in [7] .
with D w being the Wilson-Dirac operator and r > 0 the Wilson parameter, the index formula (2.6) gives (The spectral flow definition of lattice topological charge had earlier been studied numerically in [32] .) This lattice topological charge is well-defined for all lattice gauge fields except those for which H m 0 has zero-modes. After excising this measurezero subset, the space of lattice gauge fields splits into topological sectors labelled
(This is reminiscent of the way that Lüscher's geometrical definition of lattice topological charge gives a decomposition into topological sectors after excising a measure-zero subset [33] .) The "physical" region for the parameter m 0 is 0 < m 0 < 2 [1, 2, 4]. As we will see, it is precisely for m 0 in this region that the axial anomaly has the correct classical continuum limit.
Classical continuum limit of the index density/axial anomaly
In this section we consider the continuum limit of the index density q U (x) (or equivalently, the axial anomaly A(x) = 2iq U (x)) for the overlap Dirac operator D U with U being the lattice transcript of a continuum SU(n) gauge field A on R 4 .
Put a hypercubic lattice on R 4 with lattice spacing a. The space of lattice spinor fields (functions on the lattice sites with values in C 4 ⊗ C n ) has the inner product
where a contraction of spinor and colour indices is implied. For a given lattice gauge field U µ (x) the covariant forward (backward) finite difference operators
where e µ denotes the unit vector in the positive µ-direction.
; this operator is anti-hermitian with respect to the inner product (3.1) since (∇
The Wilson-Dirac operator is now given by
and r > 0 is the Wilson parameter. We then have the hermitian operator
cf. (2.10). To define the overlap Dirac operator
some restrictions must be made on the lattice fields (besides excluding the lattice gauge fields for which H has zero-modes). This can be done in one of the following ways:
(I) Require ||ψ|| < ∞. Then the lattice spinor fields form a Hilbert space. Since H is bounded (triangle inequalities give ||H|| ≤ 8 + 8r + rm 0 ), D can be defined via the spectral theory for bounded operators on Hilbert space (see, e.g., [34] ). In this setting no restriction on the lattice gauge field U µ (x) is required (besides the requirement that H has no zero-modes). However, there is the drawback that the nullspace ker D need not be finite-dimensional in general, so index D is not defined in general: we can have index D = ∞ − ∞.
(II) Require ψ(x) and U µ (x) to be periodic in each direction with fixed periodicity length L. This is equivalent to the finite volume 4-torus setting with topologically trivial gauge fields. The space of such lattice spinor fields is finite-dimensional, and H leaves this space invariant, so D can be defined via the usual spectral theory and has a well-defined finite index.
(III) More generally, require ψ(x) and U µ (x) to be related at opposite boundaries of a fundamental domain by a gauge transformation. This is equivalent to the general finite volume 4-torus setting where the gauge fields may be topologically non-trivial.
(This was the setting considered in [11] .) The space of such lattice spinor fields is finite-dimensional and D is again well-defined with finite index as in (II).
(IV) Restrict ψ(x) and U µ (x) to live on a finite sub-lattice and require that ψ(x)
is periodic (or anti-periodic) at the boundary and U µ (x) is trivial at the boundary.
For such U the operator H leaves the (finite-dimensional) space of these spinor fields invariant, so D is defined in the usual way and has well-defined finite index. This setting is a variant of (II); the difference is that we do not hold the edge length fixed when taking the (classical) continuum limit. Rather, the limit is taken by first taking the lattice size to infinity with fixed spacing a, and then taking a → 0.
In this paper we focus mainly on the settings (I) and (IV). The finite volume torus setting (II)-(III) is discussed in detail in a separate paper [13] , and in this paper we consider it only briefly in §6.
In the following the density O(x, y) of an operator O on the space of lattice spinor fields is defined through In particular, from (2.7) and (2.9) we see that the index density is well-defined:
Our interest is in the classical continuum limit of this quantity, i.e the a → 0 limit when U µ (x) is the lattice transcript of a continuum gauge field A µ (x) :
where A µ (x, τ ) = A µ (x+(1−τ )ae µ ) and for simplicity the coupling constant has been set to unity. The technical setup within which the a → 0 limits are taken is as follows.
We assume an infinite collection of hyper-cubic lattices on R 4 has been specified, spacing a then it is also a lattice site in all the other lattices with spacing a ′ < a. In the following, in statements concerning a → 0 limits the variable x always denotes such a point in R 4 ; it is fixed in R 4 and does not change as we go from one lattice to another.
To consider the a → 0 limit we need the overlap Dirac operator
H 2 ) to be well-defined for small a, i.e. H should not have zero-modes when a is sufficiently small. For technical reasons we will furthermore require that H 2 has a strictly positive a-independent lower bound: H 2 > b > 0 for sufficiently small a. The existence of such a bound follows from the results of [25] (see also [35] ). It was shown there that when ||1 − U(p)|| < ǫ for all lattice plaquettes p, where U(p) is the product of the link variables U µ (x) around p, then there is a lower bound H 2 > b, depending only on ǫ and m 0 , such that for fixed m 0 ∈ (0, 2) b > 0 when ǫ is sufficiently small. (This result generalises to the case of arbitrary m 0 ∈ {0, 2, 4, 6, 8} [36] .) In the present case, where the link variable is given by (3.9), the plaquette variable has the standard expansion
and hence
Strictly speaking this bound requires certain conditions on A µ (x). We will discuss these below, but for the moment we proceed under the assumption that (3.11) is valid,
i.e. that there exists a finite K independent of p and small a such that ||1 − U(p)|| < a 2 K. Then, for arbitrary ǫ > 0 we have ||1 − U(p)|| < ǫ for all sufficiently small a,
and hence an a-independent lower bound H 2 > b > 0 is guaranteed.
To evaluate the continuum limit we use an integral representation for 1/ √ H 2 to expand it in a power series as follows. 11 We first decompose
with
As pointed out in [25] , the norms of the commutators of the ∇ ± µ 's are bounded by max p ||1 − U(p)||. This has the following consequences: First, by (3.11)
11 This expansion was presented as new by Kerler in [12] . In fact it had already been given in [11] .
(The suggestion to use an integral representation for 1/ √ H 2 was made to me by Martin Lüscher [37] .)
Furthermore,
V (x, y) = 0 in regions where the gauge field is pure gauge. (3.18)
The former implies that for small a we have ||V || < b/2 where b > 0 is the abovementioned lower bound on H 2 . This in turn implies the lower bound L > b/2 > 0 for the positive operator L in (3.13). Thus for sufficiently small a the operator L is invertible, ||L −1 || ||V || < 1, and we can make the expansion
Note that the γ-matrices in (3.12) are all contained in V .
Since the trace of γ 5 times a product of less than 4 γ-matrices vanishes, the k = 0 and k = 1 terms in (3.19) give vanishing contribution to q U (x). On the other hand, the terms with k ≥ 3 satisfy the following bound:
where we have used (3.7), (3.11) and the bounds
since the integral and sum are finite and remain so in the a → 0 limit. Hence only the k = 2 term in (3.19) contributes in the a → 0 limit of the index density (3.8), i.e.
where 
. This can be seen in various ways, e.g. as in [10, (v4) ], or more simply by noting that
as follows: The bound ||∇ ± µ || ≤ 2 and triangle inequalities lead to an a-independent upper bound L < c which allows to expand
we get
and this is ∼ O(a 3 ) since the sum converges (since 0 < b/2 < c). Taking this into account in (3.22) , it follows from (3.21) that
Evaluating the trace over spinor indices we find
+O(a)(x) (3.27) where V µ and V µν are given by (3.15)-(3.16). Noting that [25] [∇
and similar formulae for the other commutators, calculations with (3.9) give
These determine the relevant contributions of V µ and V µν in (3.27).
We now exploit the fact that the delta-function δ x on the lattice sites has the Fourier expansion in plane wave fields:
where φ k (y) := e iky/a . For a general operator O this leads to
In the case where 
where q A (x) is the continuum index density (1.1), and
It follows from (3.27) and (3.32) that
The integral I(r, m) is similar to the integral (A.17) of [21] , although the exponents and numerical factor are different and the parameter m did not appear there. To evaluate it we exploit the symmetries of the integrand (as in [21] ) and change variables to s ν ≡ sin k ν to write I(r, m) = 
Inspired by the identity eq. (A.19) of [21] (which was originally due to Karsten and Smit) we rewrite the second integral as is guaranteed (as discussed earlier). Then D U is local in the gauge field [25] , leading to |q
where U is the lattice transcript of a smooth continuum field A which coincides with A in a neighbourhood of x and vanishes outside a bounded region of R 4 . Since such A and its partial derivatives are automatically bounded on R 4 , we have q U (x) = q A (x) + O(a)(x), and this together with (3.45) gives q(x) = q A (x) + O(a)(x).
A more detailed justification of the preceding is as follows. can only couple the site x to itself via a site outside of
This together with the fact that H is ultra-local gives (3.45).
The preceding observations allow us to conclude that q
some cases where A µ (x) diverges at infinity, or has singularities. An example of the former is a topologically non-trivial gauge field on the 4-torus: these can be viewed as gauge fields on R 4 satisfying a periodicity condition
where Ω(x, ν) , ν = 1, 2, 3, 4 , are the SU(n)-valued monodromy fields which specify the principal SU(n) bundle over T 4 . Fields A µ (x) satisfying (3.47) diverge at infinity in the topologically non-trivial case. However, the requirement ||1 − U(p)|| < ǫ for small a still holds in this case since (i) the lattice transcript of A µ (x) satisfies in the continuum limit calculation of the preceding section; this will show explicitly how a requirement that U µ (x) be pure gauge at infinity can lead to the infinite sum in x q U (x) being convergent and a Using the expansion (3.19) we get
As before, the k = 0 and k = 1 terms give vanishing contribution. Obviously, to get
we will need the part with k ≥ 3 to vanish in the a → 0 limit as in §3. This cannot be expected to happen in general since the infinite sum x might not even be convergent for k ≥ 3 part of (4.2). However, as we will now show, the sum over lattice sites does converge when U µ (x) is pure gauge outside a bounded region R of R 4 . Furthermore, when U µ (x) is the lattice transcript of a smooth continuum field A µ (x) which is pure gauge outside of R the k ≥ 3 part in (4.2) does indeed vanish in the a → 0 limit and we get a By the same calculations as in (3.20) we see that the k ≥ p part of the summand in (4.2) has a bound
(p ≥ 2) for some constant K p independent of a and x. Choose an ǫ > 0, then for sufficiently small a we have a
4 is the volume of R d . It follows that, for small a,
This vanishes in the a → 0 limit for p = 3, and does not diverge for p = 2. Hence when the sum over x in (4.2) is restricted to the lattice sites in R d the k ≥ 3 part vanishes in the a → 0 limit as required, and the k = 2 part remains finite. We now consider the summand in (4.2) for x outside of R d . We use
By (3.18) V (y, z) = 0 for y, z ∈ R so the sum over y and z in (4.5) can be restricted to the lattice sites in R. We now apply a version of the locality argument of [25] to G σ : For small a we have a-independent bounds 0 < b/2 < L < c and get a power series expansion of G σ as in 3.23,
Since L only couples nearest neighbour and next to nearest neighbour sites,
It follows that
where t = e −θ = c−b/2 c and κ = 1/(1 − t). Applying this to G σ (z, x) in (4.5) gives
This leads to a bound on the part of (4.2) where the sum is restricted to the lattice sites in R 4 − R d :
2 . Finally, the sum is bounded by 2) is convergent when U is pure gauge outside a bounded region, and that the k ≥ 3 part vanishes in the a → 0 limit when U is the lattice transcript of a continuum field A which is pure gauge outside a bounded region.
Furthermore, the preceding shows that in this case the non-vanishing contribution to
where the subscript "2" refers to the k = 2 part of (4.2). It is a straightforward technical exercise to show that this reduces to R d d 4 x q A (x) in the a → 0 limit along the same lines as the argument for q U (x) → q A (x) in §3 (we omit the details). By Stokes theorem this reduces to the integral of the Chern-Simons term over the boundary ∂R d , which calculates the winding number of the map from ∂R d ∼ = S 3 to SU(n) corresponding to the pure gauge configuration, and this is precisely Q(A) (cf. §1).
Clearly the preceding arguments can be generalised from the case where U and A are pure gauge outside a bounded region of R 4 to cases where the fields converge sufficiently quickly to pure gauge configurations at infinity. However, to determine a precise criterion for what is "sufficiently quickly" appears to be a rather technical problem and we will not pursue it here. In the continuum the criterion is that F µν (x)
should vanish quickly enough at infinity to be square-integrable [14] . We speculate that a similar condition will suffice in the lattice setting.
5 Classical continuum limit of index D U starting in a finite volume lattice setting and taking an infinite volume limit
In this section we consider index D U in the lattice setting (IV) of §3. The lattice is finite, hence the space of lattice spinor fields is finite-dimensional and index D U is well-defined from the beginning. The boundary condition on the lattice gauge field is that it is trivial at the boundary (i.e. the Dirichlet condition). Then the covariant finite difference operators ∇ ± µ map both the spaces of periodic and antiperiodic lattice spinor fields to themselves, and in both cases satisfy (∇ can be shown in the finite volume torus setting; this has been done in [13] . However, the argument there is more involved than what follows.
14 Let A µ (x) be an SU(n) gauge field on R 4 which may be singular at the origin but is smooth everywhere else and vanishes outside a bounded region. Furthermore we require that A is pure gauge in a neighbourhood of the origin. Examples of such fields are readily obtained as follows. Take a smooth map φ : S 3 → SU(n) with degree Q and define φ : R 4 − {0} → SU(n) by φ(y, t) = φ(y) , y ∈ S 3 , t ∈ R + , where we are identifying R 4 − {0} with S 3 × R + in the obvious way. Choose a smooth real function λ(x) on R 4 equal to 1 in a neighbourhood of the origin and vanishing outside a bounded region. Then the field
has topological charge Q, is singular at the origin, pure gauge in a neighbourhood of the origin and vanishes outside the bounded region.
We take the finite hyper-cubic lattice in R 4 to have spacing a and sites
Note that the origin 0 ∈ R 4 never lies on a lattice link, so the lattice transcript U µ (x) of A µ (x) (given by (3.9)) is well-defined for all a and N.
Our aim in this section is to show that, with either periodic or anti-periodic boundary conditions on the lattice spinor fields,
where I(m 0 ) is given by the table (3.43) (in particular I(m 0 ) = 1 for the physical values 0 < m 0 < 2). The techniques used to derive this have already been developed in the earlier parts of this paper, so we will be economical with the details in the following.
Proof of (5.3). We start from the formula Using the locality of q U (x) in the gauge field (cf. §3), arguments similar to those in §3 lead to an analogue of (3.36): In the present setting the lattice delta-function has the Fourier expansion (analogue of (3.31))
where φ k (y) := e iky/a is the lattice plane wave field with momentum k ; the domain of the lattice 4-momentum (i.e. the summation domain in (5.7)) in the case of periodic or anti-periodic boundary conditions is periodic :
and ∆ 4 k = π 4 /(2N) 4 = the "volume per k" in lattice momentum space. Using this we find, analogously to (3.36), index
Tr( H |H| ) (recall H = H m 0 ) and the fact that the spectrum of H m is symmetric and without zero for m < 0 [1, 2, 19] . In [19] the spectral flow of H m was studied numerically for various smooth SU(2) instanton fields on a finite lattice.
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One of the situations considered in [19] was instanton field in a singular gauge with anti-periodic boundary conditions on H m . I.e. anti-periodic boundary conditions on the lattice spinor fields, and the lattice transcript of the instanton field modified at the boundary links to make it anti-periodic, so that H m is a well-defined hermitian operator on these spinor fields. This is a minor modification since the localisation radius of the singular gauge instanton in [19] was well within the region covered by the lattice, i.e. it was almost vanishing at the boundary of the lattice. This is similar to the setup that we have considered in this section: the singular gauge instanton can be approximated by a gauge field A µ (x) with singularity which is pure gauge in a neighbourhood of the singularity and vanishes outside a bounded region. The results of [19] are compatible with ours: They numerically determined the crossings of the origin by low-lying eigenvalues λ(m) of H m for 0 < m < 2 and found precisely one crossing, which occurred reasonably close to zero (at m ≈ 0.5), and the slope of λ(m)
at the crossing was such that the spectral flow of −H m from this crossing agreed with the topological charge of the instanton (cf. Fig. 7 of [19] ). This can be equivalently expressed as index D U = Q(A) for 0.6 < m 0 < 2. This is an approximative numerical confirmation of our analytic result in this section. Numerical studies of the spectral flow of H m in other situations in [32, 19] , or equivalently, numerical studies of index D U as a function of m 0 [30] , are also compatible with the the classical continuum limit result for index D U that we have shown for the particular situation considered in this section (and which has also been analytically shown in the finite volume torus case in [13] ): For "sufficiently smooth" lattice gauge fields it was found that (i) crossings of the origin by eigenvalues λ(m) of −H m occur close to m = 0, 2, 4, 6, 8 ; if the net 15 The spectral flow of H m for various lattice gauge fields was first studied numerically in [32] . . This is to be expected though, since in this case the instanton field is approximately pure gauge at the boundary of the region covered by the lattice, and is therefore not close to satisfying anti-periodic boundary conditions.)
6 Classical continuum limit of the axial anomaly and index in the finite volume torus case.
In this section we briefly describe results for the classical continuum limit of the index and index density/axial anomaly in the 4-torus case with fixed finite volume (setting (II)-(III) of §3), which are derived in detail in a separate paper [13] . 
where e ν is the unit vector in the positive ν-direction and Ω(x, ν) , ν = 1, 2, 3, 4 , are the SU(n)-valued monodromy fields which specify the principal SU(n) bundle over 16 These also satisfy a cocycle condition which ensures that A µ (x + Le ν + Le ρ ) is unambiguous.
It is always possible to make a gauge transformation so that Ω(x, ν) = 1 for ν = 1, 2, 3 and Ω(x, 4)
is periodic in x 1 , x 2 , x 3 . Then for fixed x 4 Ω(x, 4) determines a map T 3 → SU(n). The degree of this map (which is independent of x 4 since Ω(x, 4) depends smoothly on x 4 ) equals the Pontryargin number of the SU (n) bundle over T 4 .
Put a hyper-cubic lattice on R 4 with sites aZ 4 . We consider only the lattice spacings a for which L/a is a whole number. Furthermore, we restrict to lattice spacings with the property a 1 Z 4 ⊂ a 2 Z 4 for a 1 > a 2 . The lattice transcript U µ (x) satisfies the lattice version of (6.1):
U µ (x + Le ν ) = Ω(x, ν)U µ (x)Ω(x + ae µ , ν) −1 .
2)
The lattice spinor fields can be viewed as lattice spinor fields on R 4 satisfying ψ(x + Le ν ) = Ω(x, ν)ψ(x) , ∀ x ∈ aZ 4 (6.
3)
The space of these lattice spinor fields, denoted C L , is finite-dimensional, and invariant under ∇ Such an operator has a density O L (x, y) such that where q U (x) is the infinite volume index density that we considered in §3. We now invoke the continuum limit result of §3 for q U (x) (which is shown with more mathematical precision in [13] ) to conclude that 
Conclusion
In this paper we have verified that the index density/axial anomaly for the overlap Dirac operator has the correct classical continuum limit in the infinite volume lattice setting, and in a finite volume setting where the the continuum limit involves an infinite volume limit. (This also holds in the finite volume 4-torus setting; we have only outlined the argument for that case as the details are given in a separate paper [13] .) The only condition on the continuum field A µ (x) required to establish this result is that the plaquette variable of its lattice transcript satisfies ||1 − U(p)|| < ǫ(m 0 ) (7.1)
for sufficiently small lattice spacing a, with ǫ(m 0 ) small enough to guarantee the existence of a lower bound b(m 0 ) > 0 on H 2 [25, 35, 36] , which in turn guarantees the locality of D
In order to verify that the index of the overlap Dirac operator really is able to capture topological information we considered (in §5) a finite volume lattice setting where index D U is well-defined from the beginning, namely when U is the lattice transcript of a continuum field A µ (x) which is in a singular gauge and vanishes outside a bounded region. (For technical reasons we also required A µ (x) to be pure gauge in a neighbourhood of the singularity. We described how such gauge fields can be readily constructed from maps φ : S 3 → SU(n).) We showed that lim a→0 lim N →∞ index D U = Q(A) ,
where N → ∞ is the infinite volume limit. This result complements a previous numerical result obtained in a similar setting in [19] . For the finite volume 4-torus case we outlined the result from [13] that lim a→0 index D U = Q(A).
Finally we mention that, while the settings we have considered were all in 4 dimensions, everything generalises easily to arbitrary even dimension 2m, with gauge group SU(n) for 2m ≥ 4 and gauge group U(1) in the 2-dimensional case. In the latter case our result q U (x) → q A (x) confirms a numerical result in §10 of [2] where the axial anomaly A U (x) = 2iq U (x) was numerically determined and compared to the continuum axial anomaly for a particular topologically non-trivial U(1) gauge field on the 2-torus. 
